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By applications of Cauchy-Schwarz inequalities, several sufficient conditions in terms of
hypergeometric inequalities were found such that the linear operator Hz:f’;c preserves and transforms
certain well known subclasses of univalent functions to another classes. Relevant connections of our

work with the earlier work is pointed out.
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Cauchy-Schwarz inequality.

INTRODUCTION

Let A denote the class of functions f normalized by

f(z)=z+>a2" )
n=2

which are analytic in the open unit disk
U= {Z ECZ| Z |< 1}. The subclass of A consisting of
functions of the form (Equation 1) which are also
univalent in Uwas denoted by S. A function feAis
said to be in k -UCV, the class of Kk -uniformly convex
functions (0<k <o) if f €S along with the property
that for every circular arc - contained in U, with centre

*Corresponding author. E-mail: trailokyapé@gmail.com.

2010 Mathematics Subject Classification: 30C45, 26D15.

§ where |§|§ k, the image curve f(}/) is a convex

arc (Kanas and Wisniowska, 1999). It is well known that
(Kanas and Wisniowska, 1999) f ek —UCV if and only if

the image of the function p, where

p(z) = l+w

(@)

is a subset of the conic region:

(zeV),

Q, ={w=u+iv:u® >k*(u-1)* +k??, 0<k <od}. (2)

The class k —ST, consisting of K -starlike functions, is

Author(s) agree that this article remain permanently open access under the terms of the Creative Commons Attribution

License 4.0 International License



http://creativecommons.org/licenses/by/4.0/deed.en_US
http://creativecommons.org/licenses/by/4.0/deed.en_US

defined via k —UCVby the usual Alexander’s relation
as:

f ek-ST<gek-UCV where g(z):j;@dt.

For k =0, the classes k —UCVand k —STreduce to
the classes of convex and starlike functions studied by
Robertson (1936) and Silverman (1975) and for k=1,
the aforementioned classes reduce to the classes of
uniformly convex and uniformly starlike functions in
U studied by Goodman (1991a; b).

Let ¢(Z) be an analytic function with positive real part
in Uwith ¢(0)=1, ¢ (0)>0, which is starlike with
respect to 1 and is also symmetric with respect to the real
axis. For such functions ¢ Bansal (2011; 2013)
introduced a class R} (¢) of functions satisfying the
condition:

R () ={f eA:1+E{f'(z)+yzf"(z)—1}<¢(z), zelU}, ()
T

where 0<y<1,7eC\{0} and < denote the
subordination between analytic functions.
_1+ Az ) .
#(2) = (-1<B<A<1;zelU) in

1+Bz
(Equation  3), we

¢ ER,(1+ Az
"\1+Bz

condition is satisfied:

Taking

observe that a function

)2 R’ (A,B) if and only if the following

| F@+f @-1 |,
((A-B)r-B(f'(2)+yzf " (2)-1)|

(4)

By giving appropriate values to the parameters 7,7, A

and B, we get various subclasses of S studied by
different researchers. By taking

7=0, the class R;(A B)reduces to the class
R"(A,B)introduced and studied by Dixit and Pal
(1995); A:l—Zﬁ (OS,B<1),B:—1, the class
R’ (1-24,—-1) reduces to the class R’ (/f)studied by
Swaminathan (2010);

;/:O,r:e‘“’cosn(|77|<%),A=1—2,B (0<B<1),B=-1,
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the class Rj(1-2/,—1) reduces to R, (/) studied by
(1998):
class

Ponnusamy and R @ nning

y=0,7=1,A=p3,B=- (0<f<1), the
RL(B—p) reduces to the class D(f) studied by
Caplinger and Causey (1973) and Padmanabhan (1979).

The Gaussian hypergeometric function 2Fl(a, b; C, Z)
given by

,F@bc;z)= i—gngn " (zel) (5)

is the solution of the homogeneous hypergeometric
differential equation:

2(1-2)W (2) +[c—(a+b+1)z]w (z) —abw(z) = 0. (6)

Here a0 and Care complex parameters such that
c#0-1-2,-- (@), =1 for a=0, and for each
positive integer N, (a), =a(@a+1)(@+2)....a+n-1) is
the  Pochhammer symbol. In the case of
c=—k, k=0,1,2;-- , the function ,F(ab;c;z) is
defined if a:—j or b=—] where J<K. Note that
,F(ab;c;z) =, F(b,a;c;z) and

r'(c)'(c—a-h)
['(c—-a)l'(c-h)

2F1(a’b;C;1): (m(C—a—b) >0) (")

The behaviour of the hypergeometric function
2Fl(a, b; C, Z) near z=1 is classified into three cases
according as R(c—a—-b)>0,=0,<0. The
function ,F, (a,b;c;z) is bounded if R(c—a—b)>0
and has pole at z=1 if R(c—a—-b)<0 (Owa and

Srivastava, 1987; Whitteaker and Watson, 1927). The
hypergeometric  function ,F (a,b;c;z) has been
extensively studied by various authors and play an
important role in Geometric Function Theory (Carlson
and Shaffer, 1984; Cho et al., 2002; Ponnusamy and
Viorinen, 2001; Swaminathan, 2010).

The normalized hypergeometric

zzFl(a, b; C, Z) has a series expansion of the form:

function

z,F(a,b;c;z) = Z+2% z", 8)

Using function zZFl(a, b; C, Z), we consider the function
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(Tang and Deng, 2014), with p=1
J,5@biez)=(1-u+d)z,F @b+ (u- )R (@bic2)] +ud’[zF (@ bez)]
(1,620, u= 05z €V). 9)

Using convolution operator, consider a linear operator
HZ:(‘;’C : A — A defined by means of Hadamard product

as Panigrahi and El-Ashwah, Unpublished:
H2%°(f)(2) =J,(a.b;c;2)* f(2)

=Z+§Il+(n—l)(y—5+ﬂyé)]$;:ig;:ia 2" (zeu). (10)

The linear operator HZ:‘;’C unifies several of such
previously well studied operators. For example, by taking
5=0, H25°(f)=L,(f) studied by Kim and Shon
(2003); 6= =0, HZS (f)=12°(f) where 1 2> is
the Hohlov operator studied by Hohlov (Yu, 1978),
o=u=0b=1, Hgo°(f) =L(a,c)(f). where L(a,c)
is Carlson-Shaffer operator studied in (Carlson and
Shaffer, 1984).

It is well known that the class S and many of its
subclasses are not closed under the ring operation of
usual addition and multiplication of functions. As such
techniques of algebra from group theory, ring theory, etc.,
and those of functional analysis do not find ready
applications in the class S. Therefore, the study of class-
preserving and class-transforming operations is an
interesting problem in geometric function theory.

PRELIMINARIES LEMMAS

Each of the following lemmas and the concept of
Cauchy-Schwarz inequalities will be require for our
investigation.

Lemma 1l
Let the function T of the form (Equation 1) be a member

of S or ST (de Branges, 1985). Then, the sharp
estimate

la,[<n (neN\{1}) (11)

holds true.

Lemma 2

Let the function T €A be of the form (Equation 1)

(Bansal, 2013). If

(A-B)|7|

Lpp | CLsBeASLecCiizey, (1)

Zn[lwn D]la, g =2
then f eR (A, B). The resultis sharp for the function:

(A-B)|7]

f(z2)=z+
n[1+y(n-1](x|B)

2" (neN\{1}).

Lemma 3
Let (Kanas and Wisniowska, 1999; 2000):

R(@) =1+ p,(K)z+p,(K)z2° +--- (p(k)>0;zeU)(13)

be the Riemann map of U onto Qk where the region
(), is defined as in Equation 2 and let the function f be

given by Equation 1. If f ek —ST, then

(B0,
&=,

Further, if f ek—UCV, then

(neN\{1}). (14)

(P.(K)ns
()

The estimates Equations 14 and 15 are sharp.

la, |< (neN\{1}). (15)

Lemma 4

Let the function f €A be of the form (Equation 1)
(Goodman, 1957). If

dnla, <1, (16)
n=2
then f eST.

Lemmab

Let the function T , given by Equation 1 be a member of
R’ (A, B) (Bansal, 2013).



(A-B)|7|

m (neN\{1}). (17)

Then | a, |§

The use of Cauchy-Schwarz inequality, known as
the Cauchy—Bunyakovsky—Schwarz inequality find a
place in various areas of mathematics such as linear
algebra, analysis, probability theory, vector algebra and
many more. It is considered to be one of the most
important inequalities in mathematics. It states that for

complex parameters U, U,,...U,,V;,V,,...V,, we have

0 00yt P P g P FOF 1 ], )

Yun e Yu \ka P,

thatis, ' =

Motivated by Mishra and Panigrahi, 2011; Aouf et al.,
2016; Bansal, 2013; Mostafa, 2009; Panigrahi and El-
Ashwah, Unpublished) Sharma et al, 2013;
Sivasubramanian et al., 2011), in this paper by
applications of Cauchy-Schwarz inequalities, we find
several sufficient conditions in terms of hypergeometric

inequalities for the linear operator HZ:';'C defined in

(Equation 10) to preserves and transform certain well
known subclasses of univalent functions to another class.

MAIN RESULTS

Throughout the paper, we assume that

-1<B<A<1,0<y<l, 7eC\{0}, 1,620 and u>4.

Theorem 1
Let ,be C\{O} and ¢ e C satisfy the inequality
Rc > max{0,Z2Ra+5,2Rb+5}. (18)

If the hypergeometric inequality

T(RCHT(Re—2Ra-5) (Re—2Rb- 5)}%
|T(Re—a)[| T(%e-b)|

1
{Oc—2Ra-5)Re—2R0-5) P +(u—5+7 +9ud+8yu—8y5 +4631:6) | (a), || (0),

6 (@)s || ©)s | +(ud+ =76 +13u6) | (a), | (),

1
{(%c—2%Ra-5),(Rc— 200 —5),}2 + (1451 —55 + 5y +19u5 +14yu —14y5 + 46y10)
1
|(@), ]| (0), ] {(Bc—2Ma-5),(Ro—2R0-5),1 +(3+4u—45 + 8y +8ud + dyu—4y5 +8yu6) | ab)
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1 1
{(%c—2%a-5),(Re - 2Rb-5),}? +{(%c - 2%a-5)(Re - 2Rb-5); ] (19)
<14 A-B)7]
1+|B|

is satisfied, then Hfl:gsc maps the class S(or ST) into
the class R} (A, B).

Proof

Let the function f given by Equation 1 be in the class S
or ST. By Equation 10, we have

(@)1(0)ns

H22e () (2 z+Z[1+n 1)(u- §+n,ué')](c) o " (zel).

By virtue of Lemma 2, it is sufficient to show that

(A-B)|7|
1+|B|

S Lt 0Dl (D) s S <

since f eS(or ST), by making use of Lemma 1, it is
again sufficient to show

S 0, (A-B)
51:;” [1+7(n—1)][1+(n—1)(y—5+ny5)}Ei o S 1+|B|| 7| (20)

Using elementary inequality

1©©), > (%), (peN),

we have

SlsZ(n+1) [+ npI[L+ (e — 5+ (n-+ 1)0)] 2o @ |

(90), (1),
(@), (0,
(%0), @),

(0-+12[1 (1 0) + (1 +1)pi8-+ 1y + 0% (=) +1° (n+ 1) a]'(;z)(())|

21(@)a(0), | 2 |(@),(b), sl(a b), |
( +1) 0. (), +”Zn(n+1)( —5)( )n+ 52( 00, )

@, 0), | z|()<>n| 1@, 0),
o 1, 7O O G a3 141

[ (@), (b | (8), (D), | 3 (@), (), |
[(n l)+3n+l]( 70, @ n+Zn +1)%(u- 5)( %), +y5;n +1)° 00,0,
a),(b), |

, 1@,0), . O e @),
(3’ <ch)n(1>“ H- OO+ c)na)n,l””ﬁé"(””) 010), 0,

R R,

+ ,uéZI(n -1)(n-2)(n-3)+9(n—-1)(n—2)+19(n—1)+8] (lg(qa)) ((ti)) |

= z(n +)2@+np)1+n(u—8) +n(n +1) 1]

I
Ms

b
o

1
Ms

n

o

> n(n+1)

Mx

>

MB‘“

}’

~L’JH



50 Afr. J. Math. Comput. Sci. Res.

" 7(#—5)21]:@ _1)(n-2)(n-3)+8(n-1)(n—2)+14(n-1)+4] ('9(%?) ((?)L

+ y,u5§1(n -1)(n-2)(n-3)(n—-4)+13(n-1)(n—-2)(n-3)

+46(n-1)(n-2)+46(n-1)+8] | Da(n| Z|(a) sOhl 13140547

(Re)y (D = (Re), (D),
+8ud+4y (- 5)+8yy5]2%+[1+5(,u S+7)+19ud +14y(u— ) +46y1d]
| (@), (0), | | (@), (0), |
Z %0, (1)n2+[,u S+y+9us+8y(u— 5)+467/,ué']z @), (1), |
@Ol 55 1@a0)n] _| $[(@) [l (B) ]
L+ a=0)+ 13T o e oS e [Z ¥0), (1), 1}
+[3+4(u—0+y)+8ud+4y(u—0)+8yudl i ERM; | (?1);“ | +[1+5(u -5 +y)+19uo
| (a)n+2 ” (b)n+2 | | (a)n+3 ” (b)n+3 |
+14y(u— §)+467/,u5]2 00, (1), +[u—S+y+9ud+8y(u- 5)+467/,L15]Z (70), (1),
|(a) 4” (b)n+4| |( )n+5 ” (b)n+5|
) 0)+13 o .
=0yl s o3 s

The repeated applications of the relation
(e),=e(e+1),,, (€CmeN)

give

| (@), 1l (b), | |ab| [ (@+1), || (b+1), |
S, < 250, (0), +[3+4(u—S5+7) +8ud+4y(u—S8)+8yud] C; o i1). (D),

+[L+5(u— 5+ 7) +198 +14y (11— 5) + A6y6] L an” §b>z |Zol <a(; 2), g)(ba)z)n|

+u=0+y+9ud+8y(u— 5)+467ﬂ5]|(az;%” ;?”;}:'ﬁ;?;g)(fa)f)"|+[ﬂ5+7(ﬂ—5)

(@O0 @+ 8, 1O+4), ], (@l 0)s] ] @+5), 1 0+5), | _
T o0, & Goid®, M oo, & Gess®,

+13yu

Applying Cauchy-Schwarz inequality to the individual sums in Equation 21, we get

{Z((;():)(?])_) } {Z(g;))(k()])_) } +[3+4(u—0+y)+8uo+4y(u—0)+8yudl

(21)
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|ab| |- (a+1),(@+1), qe (b+1),(b +1), : _
e {nz:;‘ i) ), } {nzo GorD) ), } +[1+5(u—0+7)+19ud +

@10 [ (@+2),E+2), | [ 0+2),6+2), |
14y (1 —5)+4616] (Re), {Fo (e +2),(2), } {nzo (Re+2), (1), }

L5474 95485 (—5) + dys] D2 O { s (a+3)n(a+3)n}2

(%), (= (ic+3), (D),

¢ (6+3),(6+3), | ) @), 1), ][ (@a+4),(@+4), |
{ (3ic+3), (D), } Huor = 0) 3ol oy, { (snc+4)n(1)n}

o\ (4),(6+4), |7 |(@)s ()] [ (a+5),(@+5), |2 [ (0+5),(+5),|*
{Z (e+4), (1), } O o), {Z (c+5), (D), } {Z (snc+5)n(1)n} '

- Wa%{z (245,84 590 + 5:0) P, (045,54 5:9c + 5:1)F + [116+ y (11— 6) +13745]

1 1
%{2 F(a+4,a+4,Rc+41)PLFE(bO+4,b+4;Rc+41)P +[u—5+y+9ud+8y(u—17)
4

+467y5]—| (az;{lgbh |{2 Fl(a+3,6i+3;SRC+3;1)}%{2 Fl(b+3,5+3;SRc+3;1)}% +[1+5(u—o+y)

1 1
+19ﬂ5+14y(ﬂ—5)+46yy5]%{2 F(a+2,a+2;Rc+2;1)PLF(b+2,b+2;Rc+2;1)P
2

1
+[3+4(,u—5+7/)+8y5+47/(/,z—5)+87/,ué‘]%{2 F(a+1,a+1;Rc+1;1)P

1 1 1
LEO+1,b+1;Rc+1L; )P +{,F(aa;Rc;1)P{LF(b,b;Rc;1)P 1. (22)

Since the condition in Equation 18 is satisfied, using Gauss summation formula in Equation 22, we obtain

SHE 72

51 (@s 11 (0)s | {F(ERC +5)[(Re — 2Ra — 5)}2 I'(Re +5)[(Re — 29Rb —5)
(Ne); I'(Rc—a)['(Rc—a) I'(Rc —b)[(NRc —b)

@, 1O, {F(SRC +4)(Re —2Ra—4) }i {F(SRC +4)(Re —2Rb—4) }3
(Re), I'(Rc—a)['(Rc—a) I'(NRc—b)['(Rc—Db)

1
2
} +[uS +yu

— 76 +13yuo] |
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Hlu—5+y+9u5+8yu—8ys + dyus] X O)s |{
(9i0);

['(Re+3)M(Re—29Rb—3) 2
[(Rc—b)[(Re—b)

[(Re+3)M(Re—2Ra—3) 2
['(Rc—a)[(Rc—-a)

+[14+54—55 +5y +1916 + 14y —14y6 + 46y10] @), 1), |

(%),

'(Rc+2)['(Rc—2Ra—-2) 2 (R +2)['(Rc—2Rb—2)
"'(Re—b)["(Re—-b)

I'(Rc—a)["(*Rc—-a)

1
2
} +[3+4pu—45+4y +8ud +

T(Rc+1)[(Re—29Rb—1)

|ab|
dyu—4y5+8
=40+ 8] Re '(Rc—a)['(Rc—a)

) { [(Re)[(Re—2Ra) }2{ [ (Re)[(Re—2Rb) }; 1

I(Re—-a)(Rc—a)| |T(Rc—b)[(Rc—Db)

['(Rec+1)(Rec—2Ra-1) }; {

['(Rc—b)(Rc—Db) }

(23)

Since gamma function is symmetric about the real axis, that is,. I'(zZ) =T°(Z), we have from Equation 23,

S < (R (Re—2Ra—5)M(Rc—2Rb— 5)}%
- |T(%c—a) | T(%c-b)|

[us| (@)s |l (0)s | +(ud + yre— y6 +13yud)]

1
1), || (0), |{(9c—2Ra—5)Rc — 2900 —5) P + (1~ S +y +9uS + 8y —8yd

1
+46140) | @), || (0), [ { (e —29%a—5), (Re— 200 —5), ¥ +[1+54~55 +5y +195 +1dyu

1
~14y5 +46yu0]| (a), || (b), |[{(Rc—2Ra—5),(Re—2Rb—5),}2 +[3+4u—45 + 4y +8ud+4yu—

1 1
4y5 +8yud] | ab| {{(Rc—2Ra—5),(Rc—2R0-5), 1 +{(Rc—2Ra—5), (Rc—2Rb—5)}2 1.

Therefore, in view of Equation 20, if the hypergeometric
inequality Equation 19 is satisfied, then

H2%(f) eR? (A B). This ends the proof of Theorem
1.

Putting U= 0= Y= 0 in Theorem 1, after simplification

we get the following result due to Mishra and Panigrahi
(2011):

Corollary 1

Let a,be C\{O} and ceC satisfy (Mishra and
Panigrahi, 2011), Theorem 1, p. 55)

Re > max{0,2Ra+2,2Rb + 2}.

If the hypergeometric inequality

FROHT (- 2a-2) (o - -2 a1 ;
020D [1(a), I (b), |+3|ab|{(%c-2Ra-2)(Re-20R0-2)¥

1
+{(BRc—2Ra—2),(Rc—2Rb—2), 2] <1+

(A-B)|z|
1+|B]|

is satisfied, then I ?‘b maps the class S (or ST) into

R°(A B).

Taking b=a in Corollary 1 and after simplification, we
get the following.

Corollary 2

Let A€ C\{O} and ceC satisfy (Mishra and
Panigrahi, 2011, Corollary 1, p. 57)



Re > max{0,2Ra +2}.

If the hypergeometric inequality

[(Re)[(Rec—2Ra-2)
|T(Rc-a)

(A-B)|7|

[1@), [ +3|af (Rc-2Ra-2)+(Re-2Ra-2),] <1+ TR

is satisfied, then I 2% maps the class S or ST into

R7(AB).

Letting b =1 in Theorem 1 gives:
Corollary 3
Let A€ C\{O} and c € C satisfy
Re > max{7,2Ra+5}.

If the hypergeometric inequality

T(Re){T'(Re—2Ra-5)(Re-7)

y
e oDy L1201 245 15 4137 |

1
{Rc-2Ra-5)Re—7)P +6(u—5+y+9ud+8yu—8yd+46yus) | (a), |
1
{(Re—2%Ra—5),(Re—7), ) +2(L+5u-56-+5-+19u6 + 14y 1415+ 4638) | (@), |
1
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(A-B)|7]

{(Mc-2Ra-5), (iRc—7)4}% +{(Mc—2Ra-5), (i)%c—7)5}%] <1+ T [B|

is satisfied, then L(a, C) maps the class S (or ST) into
the class R} (A, B).
Remark 1

Taking U= 0= Y= Oin Corollary 3, we get the result of
(Mishra and Panigrahi (2011), Corollary 2, p. 57)

Theorem 2

Let ,beC\{0}, P, = P,(K) be defined by Equation
13 and c € C satisfy

Re > max{0,2Ra+ p, +3,28b+ p, +3}. (24)
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If the hypergeometric inequality

1

1
LR (@, poRe, LPLF, (0,5, puie, LL)F +(L+ -5+ o+ y)%

1 1

{F(a+l,a+1, p+1;Rc+1,20)PLF(b+1,b +1, p +1;%c+1,2,1) ¥
|abl
Re

1
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7 1 _ 0. sl @, 0] (p)
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LR @+2,a+2,p+2;%c+2 LY F (b+2,0+2,p +2,Rc+2,1,1) P

<1+ A=B)7] (25)
1+| B]

is satisfied, then H;;gﬂ maps the class k—ST into
R’ (A B).
Proof

Let the function f €A given by Equation 1 be in class
k —ST. In view of Lemma 2, it is sufficient to show that

ni“n[n PN —D)][+ (N—1)(u—5 + nﬂa)]gz-ig:-i a,
<(A-B)|7|
1+| B

Using the coefficient estimate of Equation 14 and the
elementary inequality [(C),[>(*Rc), (peN), it is
again sufficient to show that

< 1(@)n2(0)na [ (P)ns
S, = n;n[pr y(N=D][1+(n=1) (11— +nud)] 0.0,

_(A-B)7|

1+|B]| (26)

Now,

S, = nz::(n +1)(1+ny)[1+n(u—8)+n(n +1)ué]m
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Applications of Cauchy-Schwarz inequality to individual sum in Equation 27 give

e\ @@ (P |2 [ OB 7 . bl
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+epy =207+ o) =g {Z (@Re+1), (1), (1), HE (GRc+1), (1), (1), }
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(mc)Z n=0 (ERC + 2)n (2)n (1)n n=0 (mc + 2)n (2)n (1)n

1), | (0), 1 (B, < (@+2),(8+2), (P +2), |2 [ (0+2), (B +2u(pi+ 2 |2
HIHOT ), {Z @Re+2),(1), (D), }{Z e +2),(2),(D), } -

Since the condition in Equation 24 holds, the aforementioned summation can be written as evaluation of generalized
hypergeometric functions and we get

1 1
S, <{,F,(a,a, p;Rc, ;D) RLF,(b,b, p;Re, L) P +(L+ u—5+ us+7y)

1 1
| agt))qlcpl LR @+1L,a+1, p, +1;Re+1, 2, ) P{LF,(b+1,b +1, p, +1;Rc+1,2; ) ¥
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Panigrahi and EI-Ashwah 55

1
b |Cl31 {;F(a+1,a+1,p +1;Rc+1,1;1)p

1
LR O+, +1, p +L,Re+1, L1 P +(us + yu— yS +4yud) (@), [1(0), [ (),

(Re),

1 1
{F(a+2,a+2,p+2Rc+2, 2D F(b+2,b+2,p,+2;Rc+2,2,1) R +yuo

1 1
(@ 1) 1Pz ¢ £ (242 242, p, +2:Re+2, L1 P4 F(b+ 2,5 +2, p, +2;%Rc+2,1:1)F —1.

(o),

Therefore, in view of Equation 26, if the hypergeometric
inequality (Equation 25) is satisfied, then
H2%(f)eR}(AB). The proof of Theorem 2 is
complete.

Putting MU= 0= Y= 0 in Theorem 3 after
simplification, we get the following result.

Corollary 4
Let 8,beC\{0}, P, = P,(K) be defined by Equation

13 and ceC satisfy (Mishra and Panigrahi, 2011),
Theorem 2(i), p. 57)

e >max{0,2Ra+ p,, 2Rb+ p}.

If the hypergeometric inequality

1 1 1
R (@a B LOPLR, (05, podc LY + ab{Lplng(a+l,a+l, b +19C+L 21

3
1
{F(b+1,b+1, p,+1;Rc+1,2,1)P 31+(A1;|Eg||f|

is satisfied, then 1 "é"b maps the class kK —ST into the
class R’ (A, B).
Taking b =a in Theorem 2, we have the following.

Corollary 5

Let aeC\{0}, P, = P,(K) be defined by Equation 13
and c € Csatisfy

Re > maxq{0,2Ra+ p, +3}.

If the hypergeometric inequality

2
(a3 pl;ﬂ%c,l;l)+(1+,u—5+y5+7)|ailTp13 F(a+l,a+1p, +1;%c+1,2;1)

2
|a p13|:2(a+1’§+1,p1+1;‘)?c+1,l;l)+(ﬂ5

Re
2
a+2,3+2,p,+ 250+ 2,2:0)+ st Do (B

(%c), (e),

3F2(a+2,a+2,p1+2;mc+2,1;1)31+%

+(u=0+3ud+y+2uy - 20y + 4yuo)

a 2
PN [ (Y

is satisfied, then H;‘:?C maps the class kK —ST into the
class R} (A, B).

Letting ,u=5=7/=0 in Corollary 5 and after

simplification we get the following result due to Mishra
and Panigrahi (2011):

Corollary 6

Let a€ C\{0}, P, = P,(K) be defined by Equation 13

and ¢ e C satisfy (Mishra and Panigrahi, 2011, Corollary
3, p- 59)

Rc > ma{0,2Ra+ p, }.

If the hypergeometric inequality

2 —
F@a, pl;mc,l;l)%g F(a+la+lp, +1;9%c+1,2;1)s1+%,

is satisfied, then 1 g'a maps the class k —ST into the
class R*(A,B).

Corollary 7

Let ae€C\{0}, p,=p,(k) be defined by Equation
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13 and ceC satisfy the inequality (Mishra and
Panigrahi, 2011, Corollary 4, p. 59)

Re > max{2+ p,,2Ra+ p}.

If the hypergeometric inequality

(Re-1) T 2, p, e L 1)P lalp,
| [ R(a,d, pyRe LLF + 1
{(ﬁc—pl—l) { cc-p,-2)P

{.F,(a+1,a+1, p, +1;Rc+1,2; 1)}2}<1+(A1|Bé|||
is satisfied, then L(a, C) maps the class k—ST into

R°(AB).

Proof

Take b=1 in Corollary 4. Using summation formula
(Equation 7), we have

e 11\ = 1) = LOROT (Re—p, —1)
F,(1,1,p;Rc,1;1)=, F(1,p,;NRc;1) =
sF>(L1,p;%c,11) =, R (1, p;%cl) TR p)

_ Re-1
Re—p, -1’

:F(2,2,p, +1;9Rc+1,2;1)=, F (2, p, +1;Rc+1;1)
_T(Rc+1)I'(Rc—p,—2)
"~ I(Rc—1)F(Rc—-p,)
_ (Rc)(Re-1)
(9{C— pl _1)(9{(:_ pl _2) .

Hence, the result follows.

Theorem 4

Let a,beC\{0}, P, = P,(K) be defined by Equation
13 and c e Csatisfy

Re > max{0,2Ra+ p, +2,2Rb+ p, +2}. (28)

If the hypergeometric inequality

1 1
{;F,(a,a, p;Re, LY RLE (b,b, piRe, LD)R +(1+ u—5+4ud) | a;Lpl
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+(y—5)%{3 F(a+1,a+1,p +1;%c+1,L;1)PLF,(b+1,b +1, p, +1;%c+1,1;1) P

1 1
5' (2), (b)2 | (pl)Z{SFZ(a+2,a+2, p+2;Rc+2,2,1)PLF,(b+2,0 +2, p, +2;Rc+2,2;1) P

(Re),

1 1
+3,u5| (2)2 (D), |(p1)2{3 F,(@a+2,a+2,p, +2;Rc+2,3,1)R{F,0+20b+2,p, +2;Rc+2,3;1)P <2 (29)

2(%c),

is satisfied, then H;;gvc maps the class kK —ST into ST.

Proof

The proof follows the same line to that of Theorem 2. In
this case we use Lemma 4 instead of Lemma 2. The
proof of Theorem 4 is complete.

Takiing x#=0 =0 in Theorem 4 we get the following.

Corollary 8

Let a,beC\{0}, p, = p,(k) be defined by Equation 13
and c e C satisfy (Mishra and Panigrahi, 2011, Theorem

2(ii), p. 58)
Rec > max{0,2Ra+ p,,2Rb+ p }.

If the hypergeometrlc inequality
{R(aa p;%cl; 1)}2~’UF (b,b, p;%c,1; 1)}2+| bl prF a+l,a+l,p+1;Rc+1,2; l)}2

LF(O+1,b+1,p, +1;Rc +1,2;1)}2 <2

is satisfied, then 1 ab maps the class k—sT into sT.

Theorem 5

Let a,beC\{0}. p, = p,(k) be defined by Equation 13 and



c € C satisfy

Re > max{0,2Ra+ p, +2,2Rb+ p, +2}. (30)

If the hypergeometric inequality

1

1
LR @A bR LFLF, 0, potc, P + (u-6+ 6+ 7) g;llol

1
{F(@+lL,a+1,p +1LRe+1,2,0)PLF (b+1,b +1,p, +1;2Rc+1,2;1)}5

1
+(y5+;¢4—y§+27y§)m{f (a+1l,a+1,p,+1;Rc+1,1;1)¥

GRO+LB+1, p, +1i9c+1, L1)F + o @2 ”(55?)2 (P,

1 1
{F@+2,a+2,p+2,Rc+2,20)PLF,(b+2,0+2,p, +2;%c+2,2;,1)F

1, (A-B)[|

14|B] 1)

is satisfied, then Hz:g’c maps the class k —UCV into
R} (A B).

Proof

Let the function T given by Equation 1 be a member of

k —UCV. The proof follows the same line to that of
Theorem 1. Making use of Lemma 2, the coefficient

estimate (Equation 15) for a, and the elementary

inequality | (C), [> (3Rc),,, it is sufficient to show that:

—_ N ( pl)n—l I (a)n—l(b)n—l |
S, = n;n[pr (n=D][1+ (n=1) (- +nud)] O @0

(A-B)|7| (32)
1+| B

The term 53 can be equivalently written as

S, Z[1+ N(u—38)+n(N+1)ud+ny +n’y(1—3)+n°(N+1)yud) 1@, 0), 1(p), (;)C)(b()i)l ((Fl)l))"

_zl(a) (b) |(p1)n +(ﬂ 5+,Ll§+}/)zl(a)n+l(b)n 1|(p1)n+1 +(,u§+;/,u—75+27,ué')

%Re), (1), (1), (9R0),1 (Dna (D),
| @Ot | (P, 5% @s O | (P)ez
2 00,00, Z (R),o (D)D),

An applications of Cauchy-Schwarz inequality and the
relation @n =(d), (neN,) for any complex number d
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to the individual sum give

(@), @)y (1) |2 < (0B, (), | Jabl
Ssg{z(snc)n() HZ ), (1), (1)} (=04 031

& (a+1),(@+1), (p +0), 2] (0+1), (0 +1),(p, +1), |ab]p,
{ZO (%e+1),2), (L), HZ 0c+1),2), (1), }””5*7" 1+ 2d) = -

i (

{w (a+2)n<a+2)n(p1+2)n} {Z(M) (b +2),(p +2), } _1.(33)
& 2,2, | & (c+2),@,0), |

(a+1),(@+1),(p,+1), % & (0+1), b+1 ), (P +1), 2 |(@),(b), | (p),
e+1). (1), (1), HZO (ie+D) (1), (1), }”"5 o),

s

o

Since the condition (Equation 13) holds which ensure that
sum in the r.h.s of Equation 33 are convergent
hypergeometric series. Therefore,

1 1
S, <LF.(38 BIC LUPLR 08, B LU +(u-5+u0+) TP

1 1
{F(@+la+1, p+LRc+1,20)PLF (b+1,b +1, p +1;Rc+1,2,1)F
1 1
+(y§+yﬂ—}’§+2yﬂ§)%{q F(a+1a+Lp+LRc+LLOPLF b+10+1,p +LRec+1,L1)P
+7ﬂ5%{3 F@+2a+2,p +2;3Rc+2,2;1)]%{.5 F(b+2b+2,p, +2;‘Rc+2,2;1)}% -1.

Hence, in view of Equation 32, if the hypergeometric
inequality (Equation 31) is satisfied, then

H2% (f) eR7(A B) as asserted. This complete the
proof of Theorem 5.

Putting U= 0= Y= 0 in Theorem 5, then we have:

Corollary 9

Let 8,0eC\{0}, p, = p,(k) be defined by (2.3) and

c € C satisfy (Mishra and Panigrahi, 2011, Theorem 3(i),
p.60)

Re > max{0,2Ra+ p, —1,2Rb+ p, —1}.

If the hypergeometric inequality

(A-B)|7|

1 1

is satisfied, then I ?’b maps the class kK —UCV into the
class R (A B).
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Corollary 10

Let the complex numbers a,b and C be as in Theorem
5 and further satisfy

tR(a pl;%c'l;l)}%{slz (b.b, pliiRC,l;l)}% +(y—§+ﬂ§)m

{F(a+1,a+1, p, +1;Rc+1,2; 1)}2ﬁF (b+1 b+1,p,+1;Re+1,2; 1)}z

§| blpl{3F a+la+l,p+1 9%c+111}2{3F (b+1b+1,p +L; 91c+111)}2
§1+(1 p)cosn.

Then the operator Hf::‘;c maps the class k —UCVinto
the class R, (/) -

Proof

Taking A=1-28 (0<p<1), B=-1, y=0, r=€e""cosn
in Theorem 5 we get the desire result.

Remark 2

Putting ,Ll:520 in Corollary 10, we get the result of
(Mishra and Panigrahi (2011), Corollary 5, p. 61).

Theorem 6

Let a,beC\{0}, p, =
and c € C satisfy

pl(k) be defined by Equation 13

Re > max{0,2Ra+ p, +1,2Rb+ p, +1}. (34)

If the hypergeometrlc inequality

LR, @8 poic, L) PLF, (0,5, pedic P + (i 5+ﬂ5)|ab|p1

LR@+La+lp +1;‘Rc+1,2;1)}5{3 F(b+1b+1,p, +1;mc+1,2;1)}?
1 1

+,u§7| a;'(:plg F(a+Ll,a+1,p+L,Rc+1LLY)PLF(0+1,b+1, p +1;9%c+1,1L;1) 7

<2, (35)

is satisfied, then Hz:gsc maps the class of kK —UCV into
ST.

Proof

Let the function f given by (1.1) be in the class

k —UCV. In view of Lemma 4, it is sufficient to show

a -1 (b)n—l
(C) nfl(l)n—l

that a,|<1.

By making use of Lemma 3 and elementary inequality
|(€), > (Re), (peN), it is again sufficient to show
that:

-~ Ry [ (@) 1)l (P)ns 36
S, §1+(n 1) (u—S+nud)] G0 (D) (D), | <1.(36)

Now

g @0, 1Ry _ 1@, O (P,
5= 2 =000+ 14T, ey 0y 1y =27 50, (0,0,

|(a)n+1(b)n+1|(p1)n+l N |(a)n+1(b)n+1|(p1)n+l
o o)
Y e 0 e e
(@), 0 | (B, |ab] p, | (a:+1), (0+1), | (p,+1),
"2 0,0, T e & @), @,0),

151201 Zl @+1),(0+1), [(p+1),
Re & Re+l),1),(D),

Applications of Cauchy-Schwarz inequality give

e (@@ (0, |7 0B 0, |7 Jab] [ (a+1), A +1) (3, +1),
S“g{é(ﬂe >n(1)"(1)ﬂ}{%(mc)n(l)nmn} ™ {Z (Wic+1),(2), (1), }

et wn et

(b+1), (0 +1),(p, +1), %_
{nz(; (Rc+1),(2),(2), } -

The conditions Rc>2Ra+p,+1 and Re>2Rb+p, +1

given in Equation 34 ensure that the sum in the r.h.s of
Equation 37 are convergent hypergeometric series so
that

! 1

S, <R (aa, pyRe, LY PLF (b, piRe,1;1) P +(ﬂ_5+ﬂ§)|eﬁ%
! 1

{F(a+L,a+L, p+1L,Rc+1, 2P F,(b+1,b +1, p, +1;Re+1,2,1)F

1 1
+ yﬁ%{g F(a+la+1p+L%c+1LOPLF (b+1b+1,p +1;Re+1, L1 F -1

Therefore, in view of Equation 36 if the inequality
(Equation 35) is satisfied, then H2;§'°(f)eST- This

complete the proof of Theorem 6.

Remark 3

Putting 6 =u=0 in Theorem 6, we get the result



due to (Mishra and Panigrahi (2011), Theorem 3(ii), p.
60).

Theorem 7

Let a,beC\{0} and c e C satisfy
Re > max{0,2Ra+2,2Rb +2}. (38)
If the hypergeometric inequality

1 1 1
LR @aRe)PLF(0,0; %) P +(u-5+ 2;@%{2 F(a+l,a+L,Rc+1;1)P

- > s1(@,0), ] 5 )
{F(b+1,b+1L;Rc+1L;1)P +ud (Sléc) 2 {,F(a+2,a+2;Rc+2;1)¥
2

1
{,E(+2,b+2;Rc+2;1)¥ <1+

39
1+| B (39)

satisfied, then Hz:’;c maps class of RJ(A,B) into
R} (A B).
Proof

Let the function T given by Equation 1 be a member of
R7(A,B). By virtue of Lemma 2 and coefficient
estimate (Equation 17), it is sufficient to show that

(1+]|B])S; <1, (40)

where

¢ |(@)a(0),s|
= 2L+ -Du-0 )} ot oy

The term 35 can equivalently written as

_< |(@),(0), | _<[(@),(b), |
S, —le+n(y—5)+n(n+l)y5] 50). (1), Z(ERC) i)

| ( )n+1(b)n+1 | | (a)n+2 (b)n+2 |
a0 420y SRl o oo S -

|@,0) | |ab] <] (a-+1), (0+1)
z(sn 9., WO G 2 ey, ),

0 101 @2, 010), B
e, & (or2),),

Cauchy-Schwarz

Applications  of inequality gives
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&, (@,(@), 7)< ()6, Jab] [ (a+1),(a+1), |2

Ssg{é(mc)n(l)n} {%(mc)na)ﬂ} Huorau) G {Z e, }
1
(b+1),(b +1), |2 [(@), ]l (b),]|&(@+2),(@+2), :
s

{Z (c-+1), (1), } O, & (2, M)
Z(b+2) (B+2),

@c+2) (D),
Since the conditions Rc >2Ra+2 and
Rc >2Rb+2 given by Equation 38 ensure that the

sum in the r.h.s of Equation 19 are convergent
hypergeometric series so that

S <{,R(a3; *J{c;l)}%{z R, B;ERc;l)}% +(y—(5+2,ué')@{2 F (a+1,a+1;92c+1;1)}%

{LF(b+1b+LRc+1;1)p +;ﬁ%{f(a+2 a+2;Rc+2; 1)}2

{ Fl(b+2,5+2;9{c+2;1)}5 1.

Thus, in view of Equation 40 if the inequalities (Equation
39) is satisfied, then H2%°(f) eR’ (A, B) as asserted.
This ends the proof of Theorem 7.

Concluding remarks

By making use of Cauchy-Schwarz inequalities, the
authors obtain sufficient conditions for a linear operator
define by means of normalized hypergeometric function
to be certain close to convex class. In this direction,
researchers (Bansal, 2013; Mostafa, 2009; Sharma et al.,
2013; Sivasubramanian et al., 2011; Swaminathan, 2010;
Sudharsan et al., 2014; Sivasubramanian et al., 2013)
have already obtained sufficient conditions for vaious
class without making use of Cauchy-Schwarz inequlaities.
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